THE NOISE IS IN THE MIND: EXISTENCE OF TRADING
EQUILIBRIA WITH TRANSPARENT PRICES
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ABsTrRACT. We investigate the behavioral foundations of informed trade. We
extend the canonical Kyle (1989) model to allow for a wide range of mispercep-
tions about the information environment (e.g. overconfidence and correlation
delusion) as well as the market clearing condition (e.g. underestimation of
market impact) and ask when a trading equilibrium exists.

Equilibrium exists if either (i) traders perceive the pricing rule as noisy, or
(ii) traders sufficiently overestimate their informational advantage or underes-
timate their market impact. (i) provides a cognitive reinterpretation of noise
traders: what matters for existence is perceived, not actual, noise in market
clearing. (ii) yields a tractable linear model but requires substantial biases;
unlike noise, infinitesimal biases do not suffice.

Our existence conditions have direct implications for trade volume. When
they are satisfied, informed trading is self-sustaining: it persists even as noise
trading vanishes, and the share of informed volume grows to one. When vio-
lated, informed trading is parasitic on noise trading and vanishes with it. The

same biases that make informed trade possible thus also make it substantial.
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SECTION 1. INTRODUCTION

Models of informed trading lie at the heart of the literature on market microstruc-
ture in economics and finance. Across a wide range of such models, there is a well
understood problem of equilibrium existence that at least dates back to the classic
price paradox (Grossman and Stiglitz 1980): If all dispersed information is aggre-
gated through the market price then individual private information is superfluous
and traders should not use it; but if traders don’t use private information, the mar-
ket price contains no fundamental information and traders should use their own.
Aggregation through prices means that private information is superfluous if (and
only if) it is used, making a trading (as well as a no-trade) equilibrium impossible.

A common way to resolve this vicious cycle and obtain equilibrium existence is
to assume that markets are also populated by a fringe of noise traders (Kyle 1985;
Black 1986) that inject aggregate noise to the market price. They do so by trading
based on non-fundamental information, usually justified as an exogenous liquidity
or hedging demand or as the result of unsophisticated behavioral traders. In the
words of Black (1986) “Noise makes financial markets possible, but also makes them
imperfect”.

In stark cognitive opposition to the random actions of noise traders, informed
traders are assumed perfect Bayesians who correctly interpret their own information
as well as the information contained in prices. This assumption has been challenged
in the vast literature on behavioral finance, which documents and models the range
of market imperfections caused by the biases and misperceptions of market partici-
pants, such as overconfidence (Odean 1998; Daniel, Hirshleifer, and Subrahmanyam
1998), cursedness (Eyster, Rabin, and Vayanos 2019), or misperceptions of correla-
tion (Banerjee 2011).

In this paper, we ask whether biases and misperceptions make financial markets
not only imperfect, but also possible. We consider a workhorse model of informed
trade (Kyle 1989) in a version without noise traders, but a wide range of behav-
ioral parameters. Our objective environment is completely symmetric and prices
are determined in fully revealing, frictionless manner. Our agents, however, may
misperceive the information environment, thinking themselves to be more informed
than others. Similarly, they may misperceive the market clearing rule, believing
themselves to be more (or less) important, the price to be set or communicated
with noise, or the market to be deeper than it truly is.

As is well understood, there is no equilibrium in the rational benchmark. How
does the strength and interaction of these biases affect equilibrium existence? First,
we show that an equilibrium exists as long as traders perceive the price to be noisy.

Indeed, we can interpret the noise trader in the classic model as cognitive noise:
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What matters (for existence and the equilibrium) is not the real market clearing
condition, but the market clearing condition perceived by the traders." Second, in
an economy without noise, we show that equilibrium existence requires sufficiently
strong misperceptions, what we call the self-sustaining trade condition. Existence
is ensured when traders overestimate the precision of their private information
(relative to that of others reflected in the market price) and underestimate their
market impact (relative to the depth of the market) to a sufficient degree.

The fact that substantial biases are required in the absence of noise traders,
though an infinitesimal noise trader is sufficient, reflects a structural difference be-
tween the model with and without noise. In the former, the signal-to-noise ratio
of the price is endogenous, and trading activity scales to ensure an equilibrium, no
matter how small the variance of the noise. In the latter, the price is fully informa-
tive in every informative equilibrium, and a sufficiently strong bias is required to
ensure that individual traders use their private information. Another consequence
of this distinction is that the model without noise traders is highly tractable, as it
preserves the linearity inherent in the Gaussian-CARA setting.

This structural difference has stark implications for trade volume. While arbi-
trarily small noise suffices for existence, the resulting equilibria entail essentially
no trade, as informed trading activity must scale down to match the noise trading
it feeds on. Plausible levels of informed trade therefore require substantial noise
trading which, taken literally, must originate either from few “big” noise traders or
from a mass of “small” traders coordinating through a factor that the informed side
of the market cannot observe. Cognitive noise is immune to this large-correlated-
noise critique: the noise with which market participants perceive market clearing
exists only in the minds of the traders. Systematic biases provide an alternative
resolution; when they satisfy the self-sustaining trade condition, informed trade

persists even as noise trading—real or perceived—vanishes.

Subsection 1.1. Related Literature. Our model is a behavioral extension of the
demand function equilibrium framework developed by Kyle (1989). In that frame-
work, equilibrium existence requires noise traders whose demand masks informed
trades; we show that cognitive biases about the information environment or market
clearing can play the same role. Kyle, Obizhaeva, and Wang (2018) study over-
confident traders in continuous time and find that sufficient disagreement about
signal precision is required for equilibrium. We allow for a richer set of biases in-
cluding misperceptions of correlation and market impact, not only signal precision,
and provide sharp existence thresholds that characterize exactly how much bias is

needed.

1. Of course, when analyzing the market, e.g. computing price volatility, it will make a difference
whether the noise traders are present in the market or merely in the mind of the traders.
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Our paper contributes to the literature escaping the no-trade theorem (Milgrom
and Stokey 1982; Morris 1994), which establishes that under common priors, traders
cannot profit from information differences alone. Heterogeneous priors can enable
speculation (Harrison and Kreps 1978; Scheinkman and Xiong 2003). We provide a
parametric characterization, within a model of strategic trading, of precisely which
misperceptions about the information environment (non-common priors about the
information structure) generate the interim disagreement necessary for trade.

Our cognitive noise interpretation connects to the literature on noise trader foun-
dations. De Long et al. (1990) model noise traders with stochastic beliefs who cre-
ate risk that deters arbitrage and may thereby survive; Spiegel and Subrahmanyam
(1992) endogenize noise through hedging motives. Our approach differs along two
dimensions. First, we reinterpret noise as cognitive: what matters for existence is
traders’ perception of noise in market clearing, not its actual presence. Second,
we distinguish stochastic from systematic biases. Stochastic noise generates an
endogenous signal-to-noise ratio that scales to support equilibrium for any noise
variance, hence an infinitesimal amount suffices. Systematic biases in our linear
model lack this scaling property and require sufficient magnitude to overcome the
no-trade logic.

The behavioral biases we study are grounded in extensive empirical evidence. A
large literature studies overconfidence (Odean 1998; Kyle and Wang 1997; Daniel,
Hirshleifer, and Subrahmanyam 1998), often focusing on momentum and overre-
action.? Our results on misperception based trade volume are related to results
showing that overconfidence increases trade volume; we show that it also breaks the
link between liquidity-driven and information-driven volume. Barber and Odean
(2000) document that individual investors trade excessively and Glaser and Weber
(2007) show that this correlates with survey measures of overconfidence. Odean
(1998) observes that overconfidence can restore existence in a version of Diamond
and Verrecchia (1981) without noise traders (see also Varian 1989). Wang (1998)
shows that overconfidence of the informed trader in Kyle (1985) is detrimental for
existence; with only a single informed trader, overconfidence does not increase mar-
ket liquidity (see also Remark 2 on Caballé and Sékovics (2003)). Kyle, Obizhaeva,
and Wang (2018) and Kyle, Obizhaeva, and Wang (2023) rely on overconfidence for
existence in the absence of noise traders and find a condition equivalent to our con-
dition (3.8). We do not focus on a specific bias and its consequences, but ask what
kind of bias is needed for equilibrium to exist at all and the common consequences

of misperception-driven equilibria.

2. Another literature, following Harrison and Kreps (1978) studies the impact of heterogeneous
beliefs on asset prices in the presence of short-selling constraints.
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SECTION 2. MODEL AND EQUILIBRIUM DEFINITION

We aim to model traders who may suffer from a range of misperceptions of the
information environment and of market clearing. Before introducing these biases,

let us describe the objective environment.

Subsection 2.1. Objective Environment. We conduct our analysis in the workhorse
model of Kyle (1989). There are N ex-ante identical traders with CARA utility
and risk aversion parameter p. They trade a single risky zero net supply asset with
liquidation value v ~ N(0,7; ") by submitting demand schedules x;(p). Before
submitting their demand, every trader receives a private signal s; ~ N (v,7,1) in-

dependently across traders. The price is set by a market maker to clear the market
(2.1) > ai(p) =0

and payoffs, z;(v — p), realize.
We focus on symmetric linear equilibria in which traders use a linear demand
schedule, x; = B8s; —yp. Given this demand schedule, the market clearing price can

be written as
(2.2) p=p;+Ax;

where p; is the intercept of the residual supply curve for trader ¢ and A denotes
her market impact. Conditioning on the price, then, allows traders to infer about
the average signal of others, and we write E[v|s;, p] and V[v|s;, p|] for her posterior
expectation (resp. variance) of the fundamental value. Note that conditioning on
p or on the intercept p; is equivalent given s;, as the two differ only by the trader’s
own demand, a deterministic function of (s;,p). The optimal demand is given by
= Efv]si,p] —pi

X+ oV Vs, )

Subsection 2.2. Misperceptions. We assume throughout that our traders have

(2.3)

the above common prior about the fundamental value of the asset, the utility speci-
fication, and we only consider biases that preserve the jointly Gaussian structure of
the environment. Furthermore, we focus on symmetric environments, in the sense
that all traders have the same perception of the information environment and the
market clearing condition.

Consequently, we can restrict attention to symmetric equilibria. The best-
response condition (2.3) also holds in our setting with misperceptions, though
clearly the specific biases will affect the specification of the expectation E, vari-

ance V and perceived market impact A.



THE NOISE IS IN THE MIND 6

2.2.1. Perceived Information Environment. According to trader i, the signals of

herself and the other traders are distributed according to

s _ Y11 X2
4 ~ !
s ()l ()

where 17 € Ry captures misperception of the trader’s own signal such as over-
confidence, Yoy € RN ~1XN=1 captures misperceptions about the signals of others,
such as dismissiveness and correlation delusion and %5 € RV~! captures misper-
ceptions about the link between the signal of the trader herself and that of others,
e.g. information projection. The only restriction we impose on the perceptions
Y1 X
Sy Zoo
that it is positive semi-definite.

of the agent is that ¥ = (

) is a valid variance-covariance matrix, i.e.

For instance, overconfidence corresponds to ;" = ¢ > 1; dismissiveness and
correlation delusion to Yoy = I§ (1 — ¢) 4+ 17641, where § captures dismissal of
others’ precision and ¢ > 0 a perceived common component in the errors of others;

and information projection to 3152 = al. We develop these examples in Section 3.1.

2.2.2. Perceived Market Clearing. To understand how the price is determined, the

trader uses her perceived market clearing rule

(2.5) (A Ao A 2a,) | " | =0

—P

where the parameters Ay € Ry, Ay € Rf ~! measure the relative misperception
of the impact of the demand of the traders in determining the market price; z ~
N (0, 1) is perceived noise in market clearing, e.g. because traders believe that there
is noise trader demand, with A, > 0 denoting the perceived standard deviation of
this noise relative to private information and A, > 0 denotes additional market
depth perceived to be provided by uninformed traders measured in units of the
informed traders’ price sensitivity. For instance, a trader with A, > 0 perceives
the noise trader demand of the classic Kyle model (whether it is actually present
or the noise is only in the mind) while the size of A; relative to Ay captures a
misperception of her own market impact.

This perceived market clearing condition is used by the traders both to extract
information from the price as well as to evaluate their market impact. Rearrang-

ing (2.5) we obtain the following linear subjective pricing equation of the form
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(2.2)where
A\ = #
7 (1A +Ap)

represent how much agents think their demand will impact the price, while

(2.6)

Aos . + A :1/2
(27) p; = ﬂ 284 "‘; PAE: z
v (1A] +Ay)

denotes the subjective intercept (the price that would realize if she chooses to refrain

from trading).
The economy is characterized by the set of behavioral parameters ¢ = (3, A), and
an objective environment 7 = [rg, 75, p, N]. We refer to 9% = (INxN, ( 1,1, 0, 0 ))

as the rational economy and to ﬁﬁ = (INxN, ( 1,1, A,, O )) as the A,-Kyle
economy for some A, € (0,00).

We introduce a useful taxonomy of the class of economies we will consider.

Definition 1. An economy is regular if 1A] —%'S12A] # 0 and 1A +A, > 0.

An economy is linear if it is regular and A, = 0.

Regularity is a mild assumption that ensures that the price (subjectively) con-
tains some information about the fundamental even after conditioning on the pri-
vate signal and a non-solipsism condition that ensures that the traders do not
believe that residual asset supply is perfectly inelastic. As the analysis is qualita-
tively different, we study the knife-edge case of non-regular economies separately in
Appendix B.1. Linearity further requires that traders do not perceive an exogenous
shifter in the market clearing equation. The reason for the moniker will be apparent
in the next section. For the moment, we just notice that the rational economy is
linear while the Kyle economy is not linear.

Throughout the main text, we maintain the following restrictions on the econ-

omy.

Assumption 1. The economy is reqular (Definition 1), there are at least three
traders, N > 3, and Ay < 1A + A,,.

2.2.3. Discussion: our class of misperceptions. The misspecified economies summa-
rized by the parameters ¢ = (X, A) allow us to consider a broad class of mispercep-
tions about the information as well as institutional environment. As the examples in
Section 3.1 clarify, many commonly studied biases such as overconfidence, neglect of
market power, and information projection fall within our setup. However, our spec-
ification is not without loss of generality: in particular, we consider economies with
a representative trader that is a misspecified Bayesian agent. Misspecified Bayesian

traders have equilibrium awareness, i.e. implicit in the fixed-point formulation is
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that traders use the equilibrium loadings (3, 7) together with their subjective be-
liefs about the information environment and the market clearing condition when
extracting information from prices to compute their best-response. In other words,
our traders know that competitors put weight 8 on their private signal, though they
might misunderstand (in an essentially arbitrary way) the precision and covariance
of the competitors’ signals as well as the way their action determines the market
price. Indeed, these equilibrium loadings are all that a trader needs to know about
her competitors. 2

Understanding the types of biases that lead to existence even outside the mis-
specified Bayesian paradigm is a natural extension of our analysis. We make a first
step towards this generalization in Appendix B.2 where we study existence when
traders form beliefs according to the mixture model (not representable with (2.4)-
(2.5)) of cursed equilibrium, e.g. in a strategic version of the model considered by
Eyster, Rabin, and Vayanos (2019).

The market environment admits two readings, and we think both are suitable.
Read literally, market clearing describes a uniform-price auction in which traders
submit demand schedules to a centralized protocol; the natural misperceptions
then concern the composition of the order flow, as when a trader perceives non-
fundamental demand (A, > 0) or additional depth (A, > 0) in (2.5) that is not
actually there. Alternatively, market clearing is a reduced form for a decentralized
trading process. Under this reading, the clearing rule is itself an approximation
in the mind of the trader, and misperceiving one’s own impact relative to that of
others (A1 vs. Aj) is a natural simplification: ignoring one’s market impact, for
instance, formally is a misperception of the market clearing rule, but appears to be
an often reasonable approximation for a trader navigating a decentralized market.
Under either reading, we view the model as an abstract benchmark in the tradition
of Kyle (1989), not as a calibrated descriptive tool to be taken to the data directly.
The question it isolates is which misperceptions can, in principle, sustain informed

trade in the absence of noise traders.

Subsection 2.3. Inference and Equilibrium. To obtain E (v|s;,p),V (v|s;, p)
it is convenient to transform the price into a signal p; that is (subjectively) mean

v and conditionally independent of s;, that is

S; f's 0
o ()b(i)

3. Furthermore, our traders use a single consistent (though perhaps misspecified) model of
market clearing, both to assess the information contained in the price and to understand their
market impact. This is in contrast to the typical price-taking assumption often employed in
rational expectations equilibria formulations with finitely many traders; for a discussion of this
issue, see Hellwig (1980).



THE NOISE IS IN THE MIND 9

so that o
8iTs + DiTp 1

EZ/S‘, = = = 5 XIZ/S'7 = .
(|Zp) Tp+Ts + 70 ( |1p) Tp+ Ts + 70

Lemma 1. The conditionally independent representation (2.8) results from letting

1A; +A, _

(2.9) 5 %pi — S S 1eAl s
' Di = —
1A] — 57 SieAg
and
— A2
2.10 e (Z22 — B3 Bi2) Ag + B
( . ) Tp 77_5 T —1 T 2
(1A = B Z12A])

(211) 7A_S—1 — 7—3_1211

In words, the trader strips from the residual-supply intercept p; the part that is
driven by her own signal, which is informative about her competitors’ signals when-
ever she perceives them to be correlated with hers. She then rescales the difference
so that the result is an unbiased signal of v that is (subjectively) conditionally
independent of s;.

We therefore arrive at the consistency condition

8iTs+PiT
E(V|Szap) — Di — 'f'p‘i”f's"”r([)) —bi
2A+ pV (V]si,p) 22+ —2£

Ts+7p+T0

(2.12) Bs; —yp =

where the variables on the right hand side are given as a functions of (3,~) above.

We are now ready to define a trading equilibrium.

Definition 2. Given an economy (¢, 7) an equilibrium is a pair (/3,~) such that

i) (B,~) satisfy the matching coefficients condition (2.12)
ii) the second order condition 2\ (79 + 75 + 7,) + p > 0 is satisfied.

Essentially, an equilibrium exists if the matching coefficient operator has a fixed
point that satisfies the (subjective) second-order condition. In the rational economy

no equilibrium exists while the Kyle economy always has an equilibrium.

Lemma 2. If 9 = 9%, then there is no equilibrium. For any A, € (0,00), 1911\2

admits a unique equilibrium.

SECTION 3. EXISTENCE

The mechanics of equilibrium existence differ between the linear and the non-
linear case. In the nonlinear case, traders perceive the presence of noise traders. By

Lemma 1, the precision of the residual information contained in the price is given
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by
—1
. As (200 — SLEFE0) A A? 1
(31) Tp(ﬁ) =Ts T ] 2 + T I 232
(1A] — S7'%10A]) (1A —2'8A])" A

The extent to which the private signal is used by traders () determines the signal-
to-noise ratio of the price. Notice that, whenever A, > 0 then as 8 — 0 the second
term explodes and 7,(/5) vanishes: no matter its variance, if traders perceive an
exogenous shifter in the market clearing equation then the precision of the price
goes to zero if the private signal is just barely used. This endogenous precision
adjustment is key to ensure equilibrium existence: Intuitively, if the price were too
informative and crowded out the use of private information, its precision would
be endogenously depressed, causing traders to rely more on private information
and thereby supporting equilibrium existence. This will be possible as long as the
perceived residual supply curve for the asset is sufficiently flat.

In the linear case (A, = 0), the perceived precision of the price is instead inde-

pendent of 3,

(1A§-2i5h2A;f

(3.2) Tp=Ts — .
PN (B — ELEN D) Ay

Since there is no (perceived) noise, the price fully reveals the weighted sum of signal
realizations Ass_;, independently of 3, as long as it is nonzero. The perceived
precision of prices is the same in all such trading equilibria and depends solely
on the (primitive) biases. Existence then relies on a sufficient magnitude of those
biases.

The lack of equilibrium feedback in the (perceived) precision of the price greatly
simplifies the specification of the equilibrium system. Using this linear structure
we arrive at a characterization of the candidate equilibrium, in closed form for the

linear case, implicitly for all regular economies.

Proposition 1. If an equilibrium exists, then it satisfies

A A 2A; + D S1sAT (1 - Té‘;%)
- p(ﬁ)

1
33) B=— |7 (1 - o
(33) 8 p ( 1A] + A, 1A] — X' SA)

7o + 75 + 7p(5)

(34) v= - - Iy
7o+ 7(8) (1+ rmstsar)

B

Our main result in this section characterizes the condition for equilibrium exis-
tence in terms of the behavior of the precision of the price in a setting where traders

only use an infinitesimal amount of their private information. For linear economies,
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we can plug (3.2) into (3.3) and obtain a (unique) candidate equilibrium
(3.5)

) A 1A] — 51 %A
b(’l?) _ 7; Efll (1 _ AT 1 n ) _ ( 2 Tll 712 2) - (2A1 + ZIIIZIQA; (1
14 1 2 + P A2 (222 — 212211 212) A2

Though the expression seems analytically cumbersome it simplifies considerably
when restricting attention to specific biases (see Section 3.1 for examples). Cru-
cially, (3.5) maps each linear economy ¢ into a single number, representing the only

possible equilibrium loading on private information.

Theorem 1. An equilibrium exists in the economy ¥ = (£, A) if and only if
(1) the market clearing rule is perceived with (cognitive) noise, A, >0, or
(2) in the linear economy (A, = 0) if the candidate loading

(a) is positive,

b(v¥) >0,
or
(b) is negative,
b(v¥) <0,
and
(3.6) Ao (B2 —1T812) Ay < 0.

Following Definition 2, an equilibrium is a solution to the matching coefficients
equations that satisfies the traders’ second-order condition. The matching coeffi-
cients equations always have a solution, so the question of existence reduces to the

second-order condition which, using (3.3)-(3.4) can be rearranged to

529) +pV (v]s;,p) >0

where & () is a positive constant. Since V (v|s;, p) is always positive, any positive
solution to the matching coefficient equation is a valid equilibrium. Whenever
A, > 0 the matching coefficient equation has a positive solution, which is therefore
an equilibrium. Intuitively this is because A, > 0 = limg_,o 7, (8) = 0: whenever
the market clearing equation is perceived with noise, the volume of informed trading
can shrink enough that prices contain almost no information and it is therefore
i > 0.
Notice that in the Kyle economy (rational but with A, > 0) the condition reduces
tol> ﬁ

sufficient that the constant term in (3.3) is positive, i.e. that 1 —

If A, =0, 7, is no longer endogenous and there is instead a unique solution (3.5)
to the matching coefficient equation. If that solution is positive, the second-order
condition is satisfied automatically and we have an equilibrium. If it is negative, the

condition requires that |5 is large enough (equivalently, that (3.6) is satisfied). To

Ay

C1A] + A,

))
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see why, note that in such an inverted equilibrium the response to the price is also
inverted: traders face a downward-sloping residual supply curve. Consequently,
their price impact is inverted as well: As they buy more of the asset, the price
decreases; as they sell more, the price increases. The trader’s problem fails to have
an interior solution if this effect is too strong. This happens when the supply curve
is very steep, which is the case exactly when |3| is small, and existence therefore
fails there.

Notice that, if ¥12 = 0 then the condition (3.6) for a negative candidate b to be

an equilibrium reads
(37) AQZQQA;— <0,

which can never be satisfied as Y95 is a positive semi-definite matrix. Therefore,

an immediate corollary of Theorem 1 is that

Corollary 1. In linear economies where traders have no misperception about the
correlation of their individual signal with the other traders’ signals (12 = 0), there
is an equilibrium if and only if the candidate loading on private information b(19) is

positive.

In other words, because linear economies lack the adjustment margin as 7, (8) is
constant, existence requires that traders are sufficiently biased in their perception of
the information environment or of the market clearing, as we will explore shortly in a
series of examples. Notice that the rational economy induces b (ﬁR) = —% % <0
and (3.7) further simplifies to 171 < 0, which does not hold, reaffirming that it

cannot sustain existence in the linear (no-noise-trader) case.
Subsection 3.1. Examples®.

3.1.1. Owerconfidence. The model with overconfidence deviates from the rational
model only in setting Eﬁl = ¢ > 1. A version of this model constituted the static
benchmark in Kyle, Obizhaeva, and Wang (2018). Notice that this restriction
satisfies the hypothesis of Corollary 1, hence an equilibrium exists if and only if
the candidate loading on private information is positive. By direct substitution in

(3.5), we obtain

7 | IN —2
== |—=—¢-2
T {N -1 }
and therefore we have existence if and only if
N -1
3.8 2——.
(3.8) £> 25—

4. All derivations from the general case to the specific examples are straightforward but rather
algebraically tedious. We provide detailed calculations for the example of information projection,
in Appendix A.l.
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In particular, with bilateral trade, overconfidence alone is not capable of restoring
existence; for large N, traders need to perceive their signal to be at least twice as
informative as it truly is. Compared to the rational candidate, the overconfident
agent puts excessive weight on his private signal.

To see why a modicum of overconfidence is not enough, note that informationally
a rational agent wants to load on all signals equally, which can be achieved through
the price p. In addition, each agent wants to hold back on using his own signal
relative to the informativeness benchmark due to market impact. As a result, the
desired weight on the private signal is strictly negative in the rational benchmark
and remains so with slight overconfidence. In equilibrium, with small overconfidence
the loading unravels as all traders want to put a greater weight on the price than
on their signal. To overcome this market power effect, overconfidence needs to be

sufficiently strong, indeed, at least a factor of two is required.

Remark 1. Note that the above reasoning does not support equilibrium existence
without noise traders in a rational model with heterogeneous traders. While market
participants whose information is at least twice as precise as that of the average
trader would be willing to use it sufficiently, in a rational model there has to be at
least one trader with below average precision, from where any candidate equilibrium
unravels. It is only in a behavioral/non-common prior model that every trader can

believe that they are at least twice as precise as their average competitor.

Remark 2. Caballé and Sékovics (2003) study a setting where individual overcon-
fidence and the belief about the overconfidence of others are separate, while both
coincide in our setting. They study the risk-neutral limit with noise traders, so ex-
istence for low overconfidence is guaranteed. They show that when agents believe
that they trade against excessively overconfident traders, existence is threatened:
In this case, the only candidate equilibrium is inverted (8 < 0), which can never be

an equilibrium in the risk-neutral limit.

3.1.2. Under-Appreciation of the Information of Others. Consider the setting with
A= ( 1 .1, 0, 0 ) S = 1,51 = 0 and Zes = 15 (1 — ¢) + 17661, where

the parameter ¢ captures dismissal of others’ precision and ¢ is correlation delusion;

) )

6 =1, ¢ = 0 represent the rational benchmark. Since still 315 = 0, Corollary 1

applies and existence is characterized by a positive loading on private information.?

5. Misperceptions of correlation are studied and documented in the literature (Ellis and Piccione
2017; Enke and Zimmermann 2019). The model without correlation delusion (¢ = 0) is essentially
equivalent to the model with overconfidence analyzed in the previous section since, by suitably
adjusting 70, the model can be reparametrized in terms of relative overconfidence & - § alone.
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In this setting, equation (3.5) simplifies to

yo T [N-2 2
2= 5 IN—1 (1+(N-2)¢)

which is positive if and only if

N -1

S+ (N=2)¢)> 20—
that is, if 0 and ¢ are sufficiently large. If traders dismiss the information possessed
by their competitor, either because it is heavily correlated (large ¢) or because it
is poor to begin with (large §), then they are willing to load on their private signal
and an equilibrium exists. More generally, we can consider the subjective precision
of the price, 7,, in effective units of other informed traders. That is, we parametrize

7p = (n— 1) 7s where n is the equivalent number of informed traders. Then the

b _Ts |[N—2n
" p | N—-1

which is positive if and only if n < % Hence, to restore existence, we require that

candidate equilibrium is

traders think that the price contains independent signals of fewer than half of the

other traders.

3.1.3. Information Projection and Inverted FEquilibria. Suppose the only bias in
information processing is information projection, that is, given s;, trader ¢ thinks

that trader j observes signal
sj=as; + (1 —a)v+ 1 —a?

which fits into our general framework when we let 317 = 1, Yoo = T (1 — a2) +
17021 and ¥15 = al for a € (0, 1).6 As for the market clearing rule, we maintain
Ay = Ay =1, A, = 0 and consider both the case with and without perceived noise.
Henceforth, we consider projective economies ¥, a, described by the projection
parameter « and the perceived noise A,. Detailed derivations are relegated to
Appendix A.1.

In the linear economy 1,0, where Corollary 1 does not apply and we have to
check for potential inverted equilibria, the residual perceived precision contained in

the price is

R e
1+«
If @« = 0 we are back to the linear rational benchmark 7, = (N — 1) 75, while if

Tp

(N =1)7s.

a = 1 prices contain no residual information since the signals of others simply

6. Information projection is introduced by Madarasz (2012). Our parametrization ensures that
the signals remain jointly Gaussian and that their ex-ante precision is unaffected by projection.
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replicate the private signal. Using (3.3), we get the candidate equilibrium loading

N+ (N -2«
(N-1)(1+a)

(3.9) by = — >
P

which is always negative. From (3.6), we get that b, constitutes an equilibrium if
and only if o > ﬁ There is an equilibrium in a market with (sufficiently) pro-
jective traders even in the absence of perceived noise trading, but this equilibrium
is inverted: traders load negatively on their private information (and positively on
the price).

Let us now consider the model where there is noise, A, > 0. Because 7, is
endogenous, (3.3) now defines a candidate equilibrium only implicitly as a solution

to the cubic equation

Ts | N —2 24+ (N -2)«
(3.10) 5:; N1 ( A)E
Lt ot er—a—w

Equation (3.10) always admits a real positive solution, which per Theorem 1 then
constitutes an equilibrium; as for its negative root(s), the SOC is satisfied at those
candidate equilibria if and only if

A,

3.11
(3:11) RN S I gy )

Combining (3.10) and (3.11) defines a region in the (o, A,) space where a projective
(i.e., negative () equilibrium exists. Recall that for A, = 0 a projective equilibrium
exists as long as a € (ﬁ, 1). This region shrinks as A, increases. In particu-
lar, there is a bound A such that the economy Ya,a, does not admit a projective
equilibrium if A, > A.

For large A., the noise component overpowers projection, and only the noise-
driven equilibrium exists. For sufficiently small A,, provided that o > ﬁ, there
are (at least) two equilibria: the noise trader driven (small positive BY) and a
projective one (large negative ). Both equilibria are continuous in the parameters
in the interior of the parameter space. However, on the boundary where A, = 0,
only the projective equilibrium exists. Moreover, as noise trading vanishes, so does
the noise trading equilibrium, while the projective equilibrium is continuous at
A, =0.

This multiplicity suggests that great care must be taken when analyzing projec-
tion bias in financial markets. Introducing noise traders as is customary may lead to
an unwarranted focus on noise-trading driven equilibria which may partially mask

the effect of the bias, and is not required to ensure existence.
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3.1.4. Misperceptions of Market Impact. Now consider traders who correctly per-
ceive the information environment (¥ is the identity matrix), but misperceive
their position within the market. Instead of the correct market clearing rule
Zje[N] x; = 0, each trader ¢ believes that the price is determined according to
mix; +ms Z#i x; = 0, where m = % represents an individual’s perception of the
relative importance of one’s own demand (relative to that of others) in determining
the market price.”

Since traders correctly perceive the information environment, the information
they extract from the price is unaffected by m: 75 = 75 and 7, = (N — 1) 75, as
in the rational economy. The relative loadings are therefore accurate, as matching

coeflicients pins down the coefficient
Ts 2N —1
= — 1 — _—
g p ( N1 )

70
If the agent ignores his own market impact, i.e. if m = 0, we have § = %, v = N

p
and an equilibrium exists in which each trader correctly extracts the information

available but disregards the fact that his actions move the market against him.
More generally, equilibrium existence requires

m < E < 1

2N -1 2

In particular, underestimating the impact of other traders, ms, is not helpful but
harmful for existence. In the linear model, the information content of the price is
independent of market clearing parameters and mso affects the equilibrium solely
by amplifying the perceived market power.

The case of ms = 0, by contrast, is fundamentally different as it makes the
economy non-regular. For this case, let us reintroduce a perceived market depth
A, > 0, without which the perceived market clearing rule would no longer admit a
solution. The price then has no subjective information content and the analysis is

equivalent to the case 7, = 0. The candidate solution is
A\ 75
8= (1 _ 1> Ts
Ay /) p

Y= (1_A1> To+ T
A, p

7. We consider a restriction of (2.5), letting A; = m1 and Az = ma1 " to capture with a single
parameter individuals’ relative misperception of market power. A, = 0 is assumed throughout this
example, except in the case ma = 0 below, where we note its reintroduction explicitly. Note that
market impact itself is an endogenous quantity: what traders misperceive is the market clearing
rule (2.5), a primitive of their subjective model, and the impact A\ they perceive follows from it
via (2.6).
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and to ensure existence, we require that the residual market demand is not too

steep relative to individual trader’s impact, i.e. A, > A;.%

Subsection 3.2. Relationship to Trade/No-Trade Theorems. Classical no-
trade theorems ask under which conditions differences in beliefs can drive mutually
acceptable speculative trade, like the trade in our model without noise traders.
These conditions depend on the market structure and, as highlighted by Morris
(1994), not every failure of common priors alone is sufficient once trade must also be
incentive compatible. In his setting, a necessary condition for incentive-compatible
trade is that beliefs fail to be noisy consistent concordant (Morris 1994, Definition
2.11). A failure of noisy consistent concordance means, roughly, that traders trust
their own signals at least as much as others. Directionally, the condition for incen-
tive compatible trade hence mirrors our condition. It turns out that our condition
is more restrictive.

Under correct perception of market clearing, any equilibrium in our no-noise
model induces an incentive-compatible trade in Morris’s sense. Consequently, our
existence condition implies a failure of noisy consistent concordance. The converse
fails. In the pure-overconfidence example, beliefs fail noisy consistent concordance
for every £ > 1 but existence requires £ > 2%. For £ € (1, 2%}, an incentive-
compatible trade exists in Morris’ unrestricted mechanism class, but no equilibrium
exists in our market. The gap between the two conditions reflects the interaction
of two additional restrictions imposed by our market. First, feasible transfers must
be generated by positions in the single risky asset. Second, traders choose price-
contingent demand schedules. Thereby, traders can condition on the price which
reveals the sum of the other traders’ signals in equilibrium. Our incentive constraint
is consequently ex-post (with respect to the information revealed by the price, not

the state) and is stronger than the interim incentive constraint in Morris (1994).

Subsection 3.3. Comparative Statics of Existence. Recall that existence is
guaranteed in non-linear economies (Theorem 1). In this section we turn to the
question of what biases relax or make more stringent the existence condition for
linear economies. From now on, we will work with the model restrictions introduced
in the examples and adopt the parametrization X1 = &, Yoy = I5 (1 — ¢) +1 7661,
Y12 =0, and A; = my, Ay = myl. The approach extends to the general setting
considered in the previous sections, though 315 # 0, i.e. perceived correlation be-
tween individual and others’ signals, induces interdependence of information and
market clearing misperceptions and thus makes it impossible to summarize the ex-

istence comparative statics in two functions H, F, one pertaining to misperceptions

8. In Appendix B.1, we show that this intuition generalizes to all non-regular economies.
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of the information environment, one pertaining to misperceptions of the market
clearing equation.
Define the Hubris and Egocentrism functions E, H : © — R, where © denotes

the set of linear economies 1 in the restricted parametrization just introduced, as

follows”
_ 55 (1 + (N — 2) ¢) . 1— Ap-‘rn:rQLEN—l)
(3.12) H®W) = N 1) , E W) = 2m2(le_1)

Proposition 2. Consider two linear economies ¥, 9" and suppose an equilibrium
exists in 9. Then, if H(¢') > H (¥) and E (') > E(9), an equilibrium exists in
9.

Existence, therefore, is determined by two dimensions of the traders’ misper-
ception. First, how much a trader overestimates the precision of her private sig-
nal relative to the information of others contained in the market price (hubris,
H). In particular, economies with more overconfident, dismissive and correlation-
delusional traders are conducive for equilibrium existence: An equilibrium exists
only if each individual trader thinks he is sufficiently more informed than the rest.
Second, how much a trader underestimates his impact on the price relative to mar-
ket depth (egocentrism FE). In particular, it is helpful for existence if traders believe
that their impact on price formation is small, that the information of others is heav-
ily priced and that the market is deep, either because others strongly react to the
price or because there is additional uninformed capacity. Consider indeed the fur-
ther restriction where A, = 0, i.e. there is no uninformed capacity. Then, E ()
is proportional to %, the relative misperception of others’ to own market impact.
In short, an equilibrium exists in an economy of traders who think they are much
smarter than anybody else but do not move the price, while existence fails in an
economy of traders who want to listen to the price and think the price listens to
them.

Another important question is whether a larger number of traders is beneficial
for equilibrium existence. On the one hand, more traders increase the information
content of the price. On the other hand, it dilutes market power. The second effect

dominates.

Proposition 3. Suppose that ¢ > 0. Then, if O admits an equilibrium, then ¥/

admits an equilibrium for all N' > N.

9. Proposition 2 extends to general economies under the appropriate redefinition of the hubris
and egocentrism functions. In particular, H () = L) g () = b1(9) substituting (3.2) for the

@) T ba(9)?
_ A
201+, S12A] [ 1-—11L
i ision and by = 1 Ay 122 7% ) give the Propositi
riCe precision an = — = 1ve e roposition.
p p 1 1A] +4,° 2 1A] -5 SiaA] & P

Such general formulation, however, confounds the intuition of what misperceptions are conducive
to existence due to the interaction of information and market impact of the different traders.
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The proof of this result is a straightforward algebraic argument that a larger
number of traders relaxes the condition b () > 0 which, in light of Corollary 1, is
the only route to existence. The perceived information content of the price grows
as more traders add their private information, but this effect is overpowered by the
reduction in market power. The following example illustrates that this result could
be overpowered if a bias leads the agent to perceive the precision of the price in a

way that is steeply increasing in .

Example 1 (Perceived Negative Correlation). Suppose that the agent believes that
the signals of the other traders are negatively correlated. Note that there is a bound
ﬁ, as there cannot be too many signals of
any given pairwise negative correlation. This means that we cannot even perform

on this perceived correlation, ¢ > —

the analysis for an arbitrary number of traders. Even when correlation is physically
possible, it implies that the subjective precision of the price grows quickly in the
number of traders, and hence Proposition 3 does not extend to this case. To see
why, consider a setting with perceived correlation ¢ = f% (coinciding with the
lower bound at N = 4) so that each agent 7 thinks that %Zj# s; = v. Because
of the perfect negative correlation, the price subjectively reveals the fundamental
and an equilibrium cannot exist. For N = 3, instead, we can have an equilibrium
with a sufficient underestimation of market power. This failure of monotonicity in

existence is general in the case of negative ¢, up to integer constraints.

SECTION 4. TRADE VOLUME

The question of existence is tightly linked to the question of trade volume. The
non-existence problem arises in the benchmark model since no informed trader
wishes to trade based on their information, a parametric manifestation of no-trade
theorems. Adding noise traders ensures existence and some informed trade, yet the
volume of informed trade is closely linked to the volume of noise trading. Given
the large and purportedly-informed trade volume observed in practice (Barber and
Odean 2000), this is not necessarily a desirable conclusion.

To address this question and in order to derive further positive implications
from our setting, this section analyzes informed trading volume in our model. We
consider our model as before, in the fully general specification of Section 2. As in the
classic literature, we now interpret the noise term in the perceived market clearing
condition, A, as a genuine noise trader shock related to liquidity trading, modifying
the objective market clearing condition (2.1) to read ), x; + A% = 0. This
change of interpretation, however, allows us to study the extent to which trading
volume is driven by exogenous noise trading compared to the misperceptions we

introduce. As we consider a large class of misspecifications and aim to characterize
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the general consequences of our misperception-based existence mechanism, we focus
on the qualitative behavior of the equilibrium as noise trading vanishes or the
number of traders grows. Note that A, > 0 throughout this section, so that an
equilibrium always exists (point 1 of Theorem 1).

In equilibrium, market clearing implies that the position of a single trader is
x; = PB(si —35) — %AZT;UQZ, where 5 = % Zj s;, the sum of two independent

Gaussian terms. Her expected trade volume is therefore given by

2 N -1 1
(4'1) ]E[l,le] = \/; 7—;1 N 62 + ﬁAzTgl

Note that trade volume has two components. The first component is driven by

the trader’s information; the second component is driven by the noise trader shock
which has to be absorbed by the informed traders. We hence define informed

trading volume as

(4.2) IFNEW@W@W—VE¢§W”N—UW

the share of informed trading as

NE[B(si—5)]  NyElwil)? - 25A2r
NE[jzil] + Acrs PE[l2l]  NEljasl] + Ay /B2

(4.3) S =

which denotes the fraction of total trade volume (the informed traders’ components
plus the volume contributed by the noise traders themselves) that is driven by
information-based trading (i.e. the trade volume of informed traders corrected for

the mechanical absorption of the noise trader shock).

Subsection 4.1. Volume when Noise Trading is Small. Consider an economy
YA, with an arbitrary misspecification. We study its equilibrium and trade volume
as the standard deviation of the noise trader shock, A, goes to zero. To this
purpose, it is convenient to define the reduced form parameters

Ts ¢— Al
4.4 ==y {l—-—— ] >0
( ) a p 11 < 1A;+Ap>

Ts _ A _
(4.5) b= > [21\1 + 3 Si2Ag (1 - ]_AT_l,'_A>:| (1A; — ;' Z1245)
2 P

(46) Cc = A2 (222 — 2122;11212) A;—

Then, the equilibrium map can be written in terms of the normalized weight of the

private signal { = A% as
b
c+ (2

Note that the RHS equals a for ( = 0 and goes to a — g as ( — +oo. Furthermore,

(A, =a

note that in this parametrization, RHS is independent of A,. Hence, finding a



Case1: a—blc>0
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Case2: a-blc<0

Case3: a—blc=0

FIGURE 4.1. The limit solution for { as A, — 0.

solution for small A, can be visualized as the intersection of the two curves in
Figure 4.1 as the line rotates towards the x-axis.
Recall that the condition for equilibrium existence without noise is equivalent

toa—2t
C

> 0; we henceforth call it the self-sustaining trade condition. Since an
equilibrium always exists here due to the presence of noise traders, this condition
still determines the behavior of the equilibrium as noise trading vanishes. When
this condition is satisfied, { grows without bounds; equivalently, the use of private
information in equilibrium,  does not vanish. Conversely, when this condition is
violated, informed trading is tied to noise trading and vanishes together with it.

Formally, we have

Proposition 4. Consider an economy Y. Then, as A, — 0

(1) informed trading stabilizes (B — a — 2 4+ O(A2)) and informed trading
volume converges to a strictly positive constant if the self-sustaining trade

condition holds, a — % > 0y

(2) informed trading vanishes (B — A./\/% — ¢) and informed trading volume
converges to zero at a linear rate if it is strictly violated, a — % < 0; and

(3) informed trading vanishes (8 — (%)1/3 AZ? +O(A§/3)) and informed trad-
ing volume converges to zero sub-linearly if it is violated with equality a—% =
0.

If the self-sustaining trade condition is violated strictly, informed trading van-
ishes together with noise trading. In particular, we would expect little (putatively)
informed trade in a context with little noise trading. If the condition is satisfied,
instead, informed trading volume is not bound to the noise volume. In that case,
informed trading remains sizable even as noise trading vanishes, corresponding to a
market in which (subjectively) informed traders trade on their information in great

excess of true noise trading.
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This result translates directly into the informed volume share. We have
. NS
\/C2 t v T \/N(N—l)

Along any continuous selection of equilibria with § > 0, the share of informed

trading grows as A, — 0. If the self-sustaining trade condition is satisfied, the
share grows to one as informed trading eventually dominates the market. If the
condition is violated, instead, it stays bounded away from one, as informed trading

is tied to noise volume. For instance, in the Kyle economy without misperceptions,
N—2

VN—I+1°

violated at equality, informed trading vanishes as noise trading vanishes, but at a

we have S — Finally, in the knife-edge case in which the condition is
slower rate than the noise term, such that the share of informed trading does grow

to one.

Subsection 4.2. Volume per Trader. We can also ask what happens when more
potentially informed traders enter a market with a fixed noise trading activity. How
does the trading volume, both total and per trader (4.1) evolve?

To answer this question, we return to the symmetric parametrization of Section
3.3, where we normalize A, = 1 and assume that there is no projection (X152 = 0).
Furthermore, we need to make an assumption about how the perceived covariance
of the signals of others changes as the economy grows. Let us assume that the
entries satisfy % > (822); ; = o > 0. In particular, this condition ensures that
subjectively, the average signal of the other traders does satisfy a law of large
numbers and converges to the state.'®

To express our conditions in this limit case, write the limit of the reduced form

parameters (4.4)-(4.6) as N — 0o as a and %.11 Then

Proposition 5. Consider a symmetric economy without projection and % > j (X92), ;=
o0>0as N — oco. Then,

(1) informed trading stabilizes (B — Goo — 2= + O(N™Y)) if oo — 2= > 0;

(2) informed trading vanishes at rate N~Y/? (3 — ﬁ/ Z%.Z — Coo) if Qoo —
g%; < 0; and
(3) informed trading vanishes slowly (8 — CN~35 +O(N"2/3)) if s — lc’—z =0,
1/3
for the constant C' = (%) :

When the self-sustaining trade condition holds, each trader’s use of private infor-
mation stabilizes in the limit, so that per-trader informed volume remains bounded
away from zero and aggregate informed volume grows linearly with N, dwarfing the

10. The more general case can be treated in a similar way.

11. Even though some of these separate expressions do not converge, we make sure to only use
them in expressions that are meaningful.
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fixed noise trading volume. Entry of (subjectively) informed traders thus generates
its own volume: the market does not need additional liquidity trading to absorb
additional speculators. When the condition fails, by contrast, the fixed pool of
noise trading is competed over by an ever larger crowd: informed trade per capita

1/2 and aggregate informed volume grows only as v N. Mis-

vanishes at rate N~
perceptions satisfying the self-sustaining trade condition therefore not only ensure
existence without noise, they also decouple the scale of informed trading from the
scale of liquidity trading, consistent with markets in which putatively informed

volume vastly exceeds plausible hedging demand.

SECTION 5. CONCLUSION

We investigate the behavioral foundations of informed trade. We augment the
classic Kyle model to encompass a variety of biases in how traders perceive the in-
formation environment, as well as the market clearing condition which determines
both the way individuals think their actions affect the price and what information
the price conveys. The classic noise trader model generates an adjustment margin
of the endogenous precision of prices which ensures equilibrium existence making
it possible for the private signal to be precise enough relative to the information
contained in prices. We develop within our general framework a reinterpretation
of the noise traders’ shock as a cognitive error in conceptualizing the pricing func-
tional; this model results in the same equilibrium behavior, but features different
comparative statics of, say, price efficiency.

Within the more general framework, this cognitive noise model represents only
one very specific parametric restriction that guarantees existence. Moreover, exis-
tence comes at the cost of breaking the linearity that otherwise characterizes the
model and considerably simplifies its analysis. The cost of conducting the analysis
in the linear restriction of the general framework is, instead, that substantial bi-
ases are needed for existence: no equilibria exist in a neighborhood of the rational
model. Instead, our results on trade volume support a conditional reading: if ob-
served, putatively informed, trading volume is large relative to plausible levels of
noise trading, then through the lens of this class of models the biases of the traders
must satisfy the self-sustaining trade condition. Indeed, although equilibria exist
for arbitrarily small noise trader shock, those close to rationality (A, ~ 0) entail es-
sentially no-trade (8 = 0) as the informed trading volume needs to shrink to match
the relative magnitude of noise trader demand. Generating substantial informed
volume then requires either substantial noise trading — with the large-or-correlated-
noise problems discussed in the introduction, — or systematic biases strong enough

to sustain trade on their own. The self-sustaining trade condition thus demarcates
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between two views of what animates markets: markets animated by large, delib-
erate, correlated noise trading that sophisticated participants nevertheless cannot
predict, and markets animated by traders who believe they have an informational
edge, and who may overestimate it due to systematic misperceptions.

We show that existence in the linear model requires instead that traders are
strongly hubristic, i.e. they perceive the precision of their signal (relative to the
price) to be large, and/or not very egocentric, i.e. think that their actions (relative
to the actions of others) does not have a significant impact on the price. Biases that
make traders overestimate the precision of their information conduce to existence,
as they make them more willing to bet. By contrast, biases that make traders
overestimate their impact on the market are detrimental for existence, since think-
ing that the price will move strongly against them makes them more reluctant to
act. In finite economies, more traders dilute market power and therefore relax the
equilibrium existence condition: unless the perceived correlation between signals is
negative, adding traders never breaks existence. In ongoing work, we show that
this result does not extend to a limit economy with countably many traders. In-
stead, existence relies on a property, limit uncertainty, which requires that traders
think their private signal is informative about the fundamental even conditioning
on the infinite collection of competitors’ signals. In particular, misperceptions of
market power are powerless in the limit economy which instead requires that traders

perceive some positive correlation in their competitors’ information.
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APPENDIX A. PROOFS

i b by
Proof of Lemma 1. Recall that, subjectively, ( s > ~N <1/,7'51 ( M 2 ))

S_;

8 Y v I As%
AQ - S_; AQ -V Te AQEIQ AQEQQA;

using the conditional distribution of jointly normal random variables we obtain

Then,

A2 . S—i|5i ~ N (A;V + AgElgEl_ll(si — V),T;lAQ (222 — 21221_11212) A;)
= j\/ ((1[\;r — A2212E;11> v+ A2212E;118i,T;1A2 (222 - ELZﬁlElg) A;—)

and
Ay -s_i— A221221_115i ~ N vt A (222 - ELEﬁlZu) A;r
(1A] — ApT1a3yy) ’ (1A - Azzuzﬁl)g
and finally,
T
W?i - 2;11212A;8i _ AQS,i — Z;llzlgA;Si + %7;1/22
1A] — 270 0A] 1A] — 270 0A]

2
It A (B = ZLYS0) A + %
~ V7TS T N2
(1A2 — AQEHEH )

and conditionally independent of s;, proving expressions (2.9)-(2.10)-(2.11). O

Proof of Proposition 1. The candidate loadings in the linear equilibrium z; = 8s; —

E(v|si,p)—pi
2Xi+pV(v]si,p)’

substituting for p;, A; their expressions (2.7) and (2.6), and the misspecified expec-

~p are obtained matching coeflicient of the best response function z; =

tations and variances derived using equations (2.9)-(2.10)-(2.11) in Lemma 1.

8 Ts+PDi T,
E(v|si,p) —pi Foimir P
_ N = A P
24+ pV (v]si;p) 2v(1A§1+Ap) MR

1A] +Ap )y _
#s 4T ( "5 2) Pi—Zy' ey s
_ FA et T R dAm 1A] S I5,A) pi
- A
2 1 —L
7(1A2T+Ap) + Fs+7p+T0
1A] +Ap )y _
R ( 2 B P) (pf 1A/—\r1 N (ﬁsif’yp)> 72111212/\;51'
T CTED — (P = 5 (Bsi — )
FsF+TptTo 7t T FotTp+To 1A] 22 A] (1A +A,) ¢
= 1 P
9 A

(1A +4,) T T
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collecting the loadings on s;,p we obtain

Ts _ Tp A4S S AT BA1
TottptTo  FotfptTo 1A] —3'SoA] T 4 (1A] +A,)
(A1) 8=
22— 4P
v(1AT +Ap)  FsHFptTo
and
(1A;+Ap)w A
~ B 1+ T
Tp (1A2 +Ap) — 1+ A
Fs+7p+T0 1A] -2 212A] (1A +A;)
_')/ = A1 + - f) .
Y(1AT +Ap) T T HTptTo
dividing the two, we obtain
. - -1 T
Ts _ Tp A1""211 E12A2 ﬁ A
I6; Totfptro Tt TptTo 1IA] -2 ReA] T Y (1A] +A,)
/y 1AT A
FA) [ 1+ —2—
2, ( 2 p) <1A;+Ap) (1s Ay
Tstfptro  (1A] -3 %24 )2 (1A +A,)

%p 1A + A, + Ay B T A+ B S 10A5 7

FotTp+70 (IA] —S'S12A]) 7 A+ H+701A] —SSA] A4+
which can be rearranged to yield (3.4). Substituting this in (A.1) gives also (3.3).
(]

Proof of Theorem 1: After substituting for candidate equilibrium g,y obtained in
Proposition 1, the SOC of the trader’s problem reads

Ay P
2 Fotiptm +— >0
B e —— (IA] +4,) T Tt

Ts+7Tp —
1A S S12Ad
Tp+Ts+T70

Multiplying through by >

> 0 and substituting for pg from (3.3), this is

equivalent to

(A.2)

« ~ 1AL A, 3T S0 AT
A 2 p 11 2
1\ Ts + 7o 1A] -5 5124

201+, T AT (1—TA71>
7 (1 _ (1\1> -7 (173 +1p) B (1 _ (M)

+1>0

1A] -2 S12A] 1A] +A)

Note that if § > 0, the SOC is satisfied. Otherwise, the denominator above is nega-
tive, and we need to flip the inequality. Lengthy but straightforward manipulations
show that (A.2) is equivalent to

NN AT NN AT
A7y — Ay 7 = 2 < — |77 11 2 1A + A
! VPIN] - SIS0A] P\1A] — S'S10A] (143 +4,)

(A.3) & (1A] +A +A)[% ~ 4 ( Zi Yuzdg )} <0
' Sl K VN s S Wy
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In the linear case, we can further simplify using (1A2T +A, +A1) > 0 and
substituting (3.2) for 7,, the inequality simplifies to

1Al — 27 S0 AT) AT
1—( 2 ”T”_f) 22 st <0
Ag (222 - 212211 212) A2

and in turn to Ag (222 — 1T212) AJ < 0, which is equation (3.6) in the text.
O

Proof of Proposition 2. Recall from now we are working in the restricted economies
Y =6 Yoo = I6(1—¢) +17641, X195 = 0, and A; = my, Ay = mal. Since
Corollary 1 applies to this parameter restriction, an equilibrium exists if and only
if (3.5) is positive. Notice that the positivity of (3.5) is equivalent to

mi mi Ts
1- S LS L
( Ap+m2(N—1)>£T ma s F (N —2)5 "

. (1—W)> 1
o G+ (N—2)9

using definitions (3.12), the latter condition is equivalent to
H W) E (W) > 1.

Under Assumption 1 and the semi-definiteness condition ¢ > —ﬁ, both H and

E are strictly positive, hence H(9")E(Y') > H(9)E(Y) > 1. O

Proof of Proposition 3. In the non-linear case there is always an equilibrium so the
statement is vacuous. In the linear case, fix a misperceived economy 9 and suppose
an equilibrium exists with N traders. By Corollary 1, this implies that by () > 0.
Both terms of by are nondecreasing in the number of traders: the first because
W is nonincreasing in N, the second because ¢ > 0. Whenever N’ > N
then

_(1_ mi oM Ts
bN’(ﬂ)_<1 Ap—l—m2(N’—1)>£Ts 2 5L (N —2) g0

my my Ts
>(1-— —2——————=by (V) >0
_< Ap+m2(N—1))€TS m25+(N—2)¢5 N(>>
and, by Theorem 1, an equilibrium exists with N’ traders. [

Proof of Proposition 4: Recall that we can write the equilibrium map as
b
A, = , =a— ———.
=10, O=a- g
Note that f(0) = @ > 0 and lim¢oo f({) = a — b/c. As A, — 0, finding an
equilibrium corresponds geometrically to intersecting the curve y = f(¢) with a

line y = (A, that rotates toward the horizontal axis.



THE NOISE IS IN THE MIND 31

Case (i): a —b/c > 0. Since f({) = a —b/c > 0 as ( — oo, the intersection
¢*(A,) — oo. For large ¢:
b 1\" b b »
f(C)—a—c(1+cC2) —G—E'FW‘FO(C )

Setting ¢ = (a —b/c)/A. + O(A;) and substituting:
f=Ch=a— " OA)

Case (ii): a—b/c < 0. Now f has a positive root ¢* satisfying a—b/(c+(¢*)~2) =0,

ie.,
1

Vbja—c

As A, — 0, the intersection converges to this root: { — ¢* + O(A.). Hence

(C*)‘2=§—c = (=

B=CA, - —

Vbja—¢

which vanishes linearly.
Case (iii): a —b/c =0 (knife-edge). Here b = ac, so for large (:

_ ac 2 _a 4

f(C)_a/ C+Ci2_a C+C72_CC2+O(C )
The dominant balance (A, ~ a/(c(?) gives (3 ~ a/(cA.), hence
1/3
(&) e

c

For the next correction, write ( = cOA21/3+clA;/3+O(Az) with co = (a/c)'/3. Sub-
stituting into (A, = f(¢) and matching O(Ai/‘?’) terms yields ¢; = —2(a/c)~1/3.

Therefore

a\1/3
B=ch=(2) A2+ oY,

which vanishes sub-linearly. |

Proof of Proposition 5: In the symmetric parametrization of Section 3.3 without
projection (X11 = &, £19 = 0, Ay = my, Ay = mpl, A, = 1), the reduced form
parameters (4.4)-(4.6) read

s m 2T,
ay = 22 (1 ! ) ., by= TJS mimg (N —=1),  exn=m3» (52),;;-
i

T U T, rma (N 1)

While by and ¢y diverge, they do so at a common linear rate, so that the limits in

the statement are well defined once normalized by the number of traders:

. Ts& .
Goo = lim any = —=, beo = lim — =
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where the last limit uses the assumption % > i (Ba2); ; — o > 0; this is the sense
in which the divergent objects b, ¢ enter only in meaningful combinations: the self-
sustaining trade condition involves the ratio iﬁ = lim z—x, which is normalization-

free.!? All three limits are finite and strictly positive, and
an =ae+O (N1, by =Nboo (1+O(N7")), env=Nexo (1+0 (N 7).

Note that the scale of A, does not matter as N — oo, as it only enters propor-
tional to N. We can hence normalize A, = 1, i.e. ( = (3, and the equilibrium map

reads

B=fn(B), In(B)=an - #

Since by > 0, fn is strictly decreasing on (0,00) with fy(07) = ay > 0 and
limg o0 fN(B) = an — %’ so the map admits a unique positive fixed point By,
which by Theorem 1 (point 1) is the equilibrium loading. Rearranging the fixed
point equation (for N large enough that ay > By) yields the identity

,8&2 - bN/N CN
(A.4) N T alE N

Case (i): Qoo — boo/Coo > 0. Since —28_— < % for all >0,

en+B72
bN boo
By = fn(BN) > any — — — oo — — >0,
CN Coo

so By is bounded away from zero and 6;[2 = O(1). Expanding the fixed point
equation using ¢y = O (N),

—1

b b ¥ b b b
CN +5N CN CN CN Cy CN
and therefore
b boo _
Ay =ay — —+O (N =ae ——=+0(N71):
CN Coo

and informed trading stabilizes.

Case (ii): Goo — bso/Cxo < 0. First, By — 0: Suppose towards a contradiction
that Sy > € > 0 along a subsequence, then B&Z/CN — 0 and, as in case (i),
BN = Goo — 2=+ 0 (1) < 0 eventually, contradicting Sy > 0. Therefore, we know

Coo

that By — 0 and, passing to the limit in (A.4), we have

/3 2 b

N o0

— — — — Coo,
N Qoo

12. For the error rates in points 1 and 3 we further assume % Zi’j (222)1.’]. =040 (N—l)7 as

holds, e.g., for £os = I§ (1 — ¢n) + 1T 5pn1 with ¢y = %, in which case o = § (1 + $). With
a slower rate of convergence, the error terms below deteriorate accordingly, while the limits are
unaffected.



THE NOISE IS IN THE MIND 33

—-1/2
which is strictly positive precisely because as, < g—”. Hence vV NBNn — (ZLo - coo) ,
that is,

ﬂN*):ll;/i\/Na

(2259

Coo

and substituting back into (A.4) shows that the relative error is O (N~/2): in-

formed trading vanishes at rate N—1/2,

Case (i11): aoo — boo/Coo = 0. Here boy = @ooCoo. As in case (ii), Sy — 0; but now

—2
(A.4) gives B% — Z—*”" — oo = 0, 50 By vanishes strictly slower than N~'/2 and,

—2

in particular, BCZZVV

— 0. We may therefore expand fy around the plateau:
_ by  bN 0 bN o4 Bx°
5N_aN N +C?VﬁN C;?VBN +O N3 )

—O(N-1)

where ZC’TN = 3= (1+O(N7")) using bos = GooCoo. The dominant balance Sy ~
N Coo

o R—2 3 3 o Qoo
N BN~ gives By Moo hence

1/3
/BNN (%O) N_1/3_

Coo

For the next correction, write By = CN~Y3 4 ¢,N=2/3 1+ O (N_l) with C' =

1/3
(“—“’) . Substituting into the expansion and matching the O (N~2/3) terms

Coo

37, where we used

yields ¢; = —2¢1 — %7, i.e. ¢ = —3es %3 = 1; the neglected

oo

term ay — I;—x =0 (N _1) only enters at the next order. Therefore

Gy =CN-3 40 (N*2/3) . o= (‘10")1/3,

Coo

which vanishes, but slower than per-trader noise. O

Subsection A.1. Derivations for Economies with Information Projection.
Suppose the only bias in information processing is information projection, that is
Yi1=1,%0=1 (1 - a2) +17a?1 and £15 = al for a € (0,1). As for the market
clearing rule, we maintain A; = 1,A2 =1, A, = 0 and consider both the case with
and without perceived liquidity traders (A, equal or larger than zero). Under those

restrictions, the price precision (3.1) reads

Ao (T~ SLERIE) A] + 55 1(I(1-a?) +1Ta’1-1Ta1)17 + 5

-1

R (1A] - 21'51A])? o (N=1)(1—a))?
e
AW -DA-a) (N =1 (1 -a)



THE NOISE IS IN THE MIND 34

From (3.3) we then get

1] N-2 2+ a(N - 2)
A. == |Ts—— — _
() i= it o ()]
In the linear economy (A, = 0), 7, becomes
l1-a
F, = N-1)r,
e 1+a( )7

and we obtain the candidate linear equilibrium from (3.5)

o= L[R2 Loy (a2 )

p|°N—-1 1+a N—-1)(1—a)
T N+(N—2)2a
p | (N=-1)(1+a)

which is always negative, so per Point 2.b of Theorem 1 there is an equilibrium if

and only if (3.6) is satisfied. Under projection (3.6) reads

(N-1)(1-a) (N-1)a
1= 1+a ((N—l)(l—a)><0

« 1
= — —_— s
lta N-17%" N2

hence a fully projective inverted equilibrium exists in the absence of noise trader

under substantial (o > ) projection.

In the general case, an equilibrium is characterized by the cubic (3.10) which
always admits a positive solution (Theorem 1 point 1.). This ensures existence.

In addition to the unique positive solution, (3.10) has up to two negative so-
lutions. We now ask whether there are negative solutions that satisfy the second

order condition, which in the general case (A.3) reads as

" N 21_112121\; A oa (0%
Ts_Tp(B) (1A;—21_11212A;> = s p(ﬁ)l_a <0
— ﬁ§< (N-1)(1-a)[(N-2)a—1]

delivering, for A, = 0 the condition above and for A, > 0 condition (3.11) in the
text. Combining (3.11) and (3.10) defines a region in the (o, A,) space where an
inverted trade equilibrium exists. To see why there is a threshold for A, above
which no projective equilibria can exist, note that (3.11) requires a larger |5] as A,
increases. Furthermore, the RHS of (3.10) shifts up for any fixed 8 as A, increases,
which implies that the smallest negative solution is increasing in A,, whence its

absolute value decreases in A,.
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Necessary condition for the existence of a projective equilibrium. Giving a full char-
acterization of the threshold is cumbersome; we provide a necessary condition for
the existence of projective equilibria to provide intuition.

Towards characterizing this bound, note that we can rewrite (3.10) by multiply-

ing (3.10) through by 82 (1 + «a) + 52(%2‘)(1—@)} as g(B8) = 0 where

LSN+04(N—2)262+ A2 T (N-2)A2
p N-1 (N-1)(1-a)" p(N-1)°(1-a)

The intercept g (0) is always negative (for A, > 0), consistent with the existence of
7o Nta(N-2)2
F p 3(1+a)(N—1)°
first derivative ¢/, an upward parabola minimized at 3, there takes the value
o\ 2
= <T>2 (¥ +av-2°)

(N-1)(1-a) p) 3(1+a)(N-1)7°"

IfA, > A(a) = %N'H;‘éi_g)z \/ (NS_(PJSJ“) then ¢’(6) > 0 and hence ¢’ > 0 (al-

most) everywhere, so that g is strictly increasing and (3.10) admits a unique real

g(B)=(1+a)8+

a positive root. The cubic has an inflection point at B = — and its

solution; since ¢ (0) < 0, this solution is positive. There are then no negative candi-
dates and hence no projective equilibrium. Since A (a) is continuous and bounded
on [0,1], the uniform threshold in the text obtains as A = sup,¢ 1) A (@) < oo.
Note also that A () — 0 as a — 1: for any fixed A, > 0, projective equilibria fail
for a close to 1, where the residual information that traders perceive in the price

vanishes and the perceived noise dominates.
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APPENDIX B. EXTENSIONS

Subsection B.1. Irregular Economies. In regular economies (see Definition 1)
traders perceive that the market price conveys some information about the state
through the signal of others. If this is not the case then the normalization argument
to extract information from p; is invalid as we are dividing by zero. This happens
either because other traders do not possess any information to begin with (§ = o0)
or because their action does not have aggregate impact. In this non-regular case,

the agent perceives 7, = 0 and the rest of the analysis goes through, yielding

(o M\ E
ﬁ_<1 (1A2T+Ap)>p

— (71— Ay To + Ts
! (AT +4,))  »

irrespective of the source of non-regularity. If Ay = 0 then we require A, # 0

so that the traders’ misperception does not rule out market clearing. Essentially,
traders think they are bidding against a fixed (non-stochastic) market clearing
condition. Therefore, the only threat to existence is the traders’ market power. An
equilibrium exists if perceived market power is sufficiently small or, conversely, the
residual supply sufficiently flat
Ay

Subsection B.2. Cursed Economies. Following the equilibrium notion intro-
duced in Eyster and Rabin (2005), cursed agents form expectations taking a con-
vex combination of the rational (weight 1 — x) expectation and the one formed

disregarding the information content of prices.

Ey[v 1 pi 1] = xE [v] {pirsid] + (1= OER[v | {pirsi}]

where N1
ER{V|P1‘751} _ [Bsi + v (N = 1) pi] 75
ﬂ (TO + NTS)
is the correct conditional expectation and
SiT,
] -2
v pios 70+ T

is obtained disregarding the information content in prices. Similarly,

Vi [v Hpisad] = Ve v [Hpisi}] + @ =) VR v | {pi,si}]
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where V¢ [1/ | {pi,si}} = (10 —‘rTs)_l and V& |:V | {pi,si}} = (10 —|—NTS)_1. Plug-

ging expectation and variance in the best-response function and matching coeffi-
cients, we obtain the following system of equations
BBp(ro+7s + X (N —1)75)) + 7 (N (75 + 70) + 75 (N — 3) Tsx — 2x70)
NI{(Bp(ro+7s +x (N =1)75)) +2(1 = x) 75 (10 + 75)]
B B(N —2)(19 + 7s) (10 + NT5)
TTIN =D (1= x)N7a(ro + 7) + Bp(to + 7o + X(N — 1)72))
One solution is 8 = v = 0 which clearly violates the SOC. The other solution is

B =

(B.1) 5= 7s (Xx(N = 1)(210 + N75) — N(70 + 75))
' (N = 1)p(ro + 75 + X(N — 1)75)
Note that N N9
__ T _NT2Ts
ﬁ‘XZO_ N_1p<07ﬁ|X:1 N—1p>0
and that
d 275(10 + 75) (10 + NT%)

g > 0.
dx p(T0 + 7s + X (N — 1)75)2

with rational traders (y = 0, where we know no equilibrium exists) the candidate
loading is negative, while the fully cursed economy always gives a positive candidate.
Since the candidate equilibrium is increasing, there is a threshold above which it is
positive. To check whether the candidate 8 actually constitute an equilibrium we
need to check the SOC, which reads

2 —1 —1
. ) (=) (o N ] 0
R X(o+7)  +(1—-x)(o+N7) | >0
Substituting the expressions for the equilibrium v, we obtain'3

X(N —1)(210+ N75) = N(1o+75) >0

N(ro+75)
(N —=1)(210 + N75)°
hence, cursedness restores equilibrium existence even without noise, provided that

S X>X =

it is large enough. Notice that

d_ (10 + 75) (270 + N275) <0
ANY T TN —1)2(2r + N7y)2

and limpy_,00 ¥ = 0; the individual amount of cursedness required to sustain an
equilibrium is decreasing in the number of traders, and any amount of cursedness

suffices if we consider arbitrary number of traders.

13. Imposing that the candidate 8 (B.1) is positive delivers the same condition x > ¥; a positive
candidate B is necessary and sufficient for existence.



